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We consider necessary and sufficient conditions for photons emitted from the vicinity of a Kerr
black hole horizon to escape to infinity. The radial equation of motion determines necessary con-
ditions for photons to reach infinity, and the polar angle equation of motion further restricts the
allowed region of photon motion. Unlike emission from the equatorial plane, the latter restrictions
are crucial for photon escape when the initial polar angle of the emission point is arbitrary. We
provide a visualization tool to analyze these two conditions and demonstrate a procedure for reveal-
ing photon escape. Finally, we completely identify the two-dimensional impact parameter space in
which photons can escape.
I. INTRODUCTION
The observations of the M87 galactic center have re-
vealed a bright ring structure and associated shadow,
which were formed by the central supermassive object
and surrounding light sources [1]. This result strongly
suggests that the central object is a black hole, but the
possibility of an alternative to a black hole has not been
dismissed [2]. In general, the difference between a black
hole and other objects is more pronounced in phenomena
around the equivalent radius of the horizon. Therefore, it
is very important to detect signals coming from as close
as the horizon radius of a central object to uniquely iden-
tify it. For detections in electromagnetic wave observa-
tions, photons must be able to escape from the vicinity
of the center to an observation point and must be able
to climb the gravitational potential within the observable
frequency range. The critical indicators for the observ-
ability of such near-horizon phenomena are the photon
escape probability and the redshift factor.
The escape of photons from the vicinity of a black
hole was first revealed by the pioneering work of Synge,
who evaluated photon escape cones in the Schwarzschild
spacetime [3]. He showed that 50% of photons emitted
from the photon sphere escape to infinity, while the re-
maining 50% are captured by the black hole. Further-
more, in the limit where the emission point approaches
the horizon, the opening angle of a photon escape cone is
arbitrarily close to zero. In other words, the escape cone
rapidly disappears as the emission point inside the pho-
ton sphere approaches the horizon, which implies that the
observability of the vicinity of the horizon is extremely
low. This fact would be expected quite naturally given
the nature of a black hole, form which nothing can es-
cape.
Is this inconvenient truth for observational verification
universal, even if a black hole is spinning? The answer
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is no. It has recently been reported that the escape of
photons from the vicinity of a fast-spinning black hole
horizon can have a large escape probability, contrary to
a naive expectation from the Schwarzschild case.1 This
series of reports originate from the result [6, 7] that a
uniform emitter at rest in a locally nonrotating frame ar-
bitrarily approaches the extremal Kerr horizon and still
allows about 29.16% of photons to escape to infinity.
For an emitter in a circular orbit of an extremal Kerr
black hole, it was found that about 54.64% of photons
escape to infinity in the limit where the orbital radius
arbitrarily approaches the innermost stable circular or-
bit radius [8], which coincides with the horizon radius.
Furthermore, the analytical value of the probability was
recently found using the near-horizon geometry of an ex-
tremal Kerr black hole [9]. In this case, the relativis-
tic boost due to the source’s proper motion causes such
an increase in the escape probability that the Doppler
blueshift exceeds the gravitational redshift [8, 10]. Simi-
lar phenomena have also been reported for various other
black holes with extremal geometry [11].
The unusual behavior of the escape probability in the
(near-)extremal Kerr black hole spacetime is essentially
based on the near-horizon throat geometry [12]. Because
of the throat geometry in the extremal limit, the coor-
dinate radius of the emission point coincides with the
horizon radius, while the proper spatial distance between
them remains large. This nontrivial property provides a
nonzero escape probability even when the emission point
is close enough to the horizon radius. The most impor-
tant implication is that the vicinity of the horizon in the
near-extremal Kerr spacetime is sufficiently observable,
unlike the naive predictions in the Schwarzschild space-
time.
The near-horizon geometry of an extremal Kerr black
hole also induces characteristic behaviors for phenomena
that occur in the off-equatorial plane. It is known that
1 Escape cones in the Kerr and Kerr–de Sitter spacetimes were






















spherical photon orbits, one of the most characteristic
photon orbits in the Kerr spacetime, accumulate at the
horizon radius [13, 14] (the so-called horizon class). Since
this occurs only in the range θ2 ≤ θ ≤ π − θ2 [where
θ2 = arccos (2
√
3− 3)1/2 ' 47.05◦] for the extremal case,
the photon escape probability, associated with the spher-
ical photon orbits, must also behave nontrivially in this
range.
This paper aims to completely classify the necessary
and sufficient range of parameters for photons emitted
from the vicinity of a Kerr black hole horizon to be reach-
able to infinity. The emission point is not limited to the
equatorial plane (as assumed in previous works), but in-
stead takes an arbitrary polar angle. In other words,
our condition for photon escape is also applicable to off-
equatorial emission phenomena near the horizon.
This paper is organized as follows. In Sec. II we review
the equations of photon motion (i.e., the null geodesic
equations) in the Kerr black hole spacetime and iden-
tify the allowed range of variables for physical motion.
In Sec. III we review the spherical photon orbits, which
characterize photon escape from the vicinity of a Kerr
black hole horizon. In Sec. IV we clarify the necessary
and sufficient conditions for photons to escape from the
vicinity of the horizon to infinity by use of the allowed
region of motion and the spherical photon orbits, and
we develop a method of visualizing escapable regions in
a two-dimensional photon impact parameter space. In
Sec. V we divide the range of the polar angle into four
parts, and introduce critical values of an impact param-
eter to explicitly specify the escapable regions. Using
the visualization method and the critical values, we com-
pletely identify the parameter region for the extremal
case in Sec. VI and for the subextremal case in Sec. VII.
Section VIII is devoted to discussions. In this paper, we
use units in which c = 1 and G = 1.
II. GENERAL NULL GEODESIC MOTION IN
THE KERR BLACK HOLE SPACETIME
























)2 − a2∆ sin2 θ. (2)
The metric is parametrized by two parameters: the
mass M and spin a. We can assume a ≥ 0 without
loss of generality. Throughout this paper, we only con-
sider the parameter range of the black hole spacetime
0 ≤ a ≤ M . Then the event horizon is located at
r = rH ≡ M +
√
M2 − a2, where ∆ vanishes. The
spacetime is stationary and axisymmetric with two corre-
sponding Killing vectors ξa and ψa, where ξa∂a = ∂t and
ψa∂a = ∂ϕ. Furthermore, the spacetime has the Killing
tensor Kab defined by [15]












− a2 cos2 θgab. (3)
We adopt units in which M = 1 in what follows.
We consider photon motion in the Kerr black hole
spacetime. Let ka be a tangent vector to null geodesics
parametrized by an affine parameter λ. According to the
existence of ξa, ψa, and Kab, a photon has three con-
stants of motion [16],
E ≡ −ξaka = −kt, L ≡ ψaka = kϕ,
Q ≡ Kabkakb − (L− aE)2 , (4)
where E, L, and Q denote the conserved energy, angu-
lar momentum, and Carter constant, respectively. We
introduce the dimensionless impact parameters
b ≡ L
E
, q ≡ Q
E2
, (5)
where we have assumed that E > 0 because we only
focus on photons that escape to infinity. Rescaling ka by
E, such that, ka/E → ka, we obtain the null geodesic
equations



































r2 + a2 − ab
)]
, (9)
where σr ≡ sgn(ṙ), σθ ≡ sgn(θ̇), the dots denote deriva-
tives with respect to λ, and
R(r) ≡
(
r2 + a2 − ab
)2 −∆ [q + (b− a)2] , (10)







The allowed region for photon motion is given by R ≥ 0
and Θ ≥ 0. Since the Kerr geometry is reflection sym-
metric with respect to the equatorial plane θ = π/2, we
consider only the range 0 ≤ θ ≤ π/2 in what follows.
Here we clarify the allowed parameter range restricted
by R ≥ 0. Solving R = 0 for b, we obtain
b = b1(r; q) ≡
−2ar +
√
r∆ [r3 − q(r − 2)]
r(r − 2) , (12)
b = b2(r; q) ≡
−2ar −
√
r∆ [r3 − q(r − 2)]
r(r − 2) , (13)
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where b2 diverges at r = 2. Since we can rewrite Eq. (10)
using bi (i = 1, 2) as
R = −r(r − 2)(b− b1)(b− b2), (14)
we find that the allowed parameter range of b derived
from R ≥ 0 is given by
b ≤ b1, b2 ≤ b for rH ≤ r < 2,
b2 ≤ b ≤ b1 for r ≥ 2.
(15)
Here and hereafter, we focus only on photon dynamics
outside the horizon, r > rH. Furthermore, from now on
we will not consider b2 ≤ b for rH ≤ r < 2 because this
range is for a negative-energy photon, and such a photon
cannot escape to infinity.
We also clarify the allowed parameter range restricted
by Θ ≥ 0. The non-negativity of Θ reads







For θ < π/2, the right-hand side is a quadratic function
in b, and its minimum value is q = −a2 cos2 θ at b = 0.
For q < 0, the inequality (16) leads to b2 < a2 sin2 θ < a2,
and hence we have q < 0 < a2−b2. This relation provides
a necessary condition for negative q,
a2 − b2 − q > 0, (17)
which will be useful for later discussions. The allowed
parameter range of b derived from Θ ≥ 0 is given by
|b| ≤ B(θ; q) ≡ tan θ
√
q + a2 cos2 θ. (18)
For θ = π/2, we have q ≥ 0, so that there is no restriction
of b derived from Θ ≥ 0.
Thus, the allowed region for photon motion is given
by the common region of Eqs. (15) and (18). Since bi
(i = 1, 2) and B depend on q, the region where a photon
can exist in fixed r and θ is given as a two-dimensional
parameter region of (b, q).
III. SPHERICAL PHOTON ORBITS
We review the spherical photon orbits, which charac-
terize photon escape from the vicinity of the horizon [7].
These are the orbits with ṙ = 0 and r̈ = 0 outside the





Solving these coupled algebraic equations for b and q, we








Since q < 0 these parameters must satisfy the condi-
tion (17), but they do not because a2−b2−q = −2r2 < 0.
Therefore, this solution set is unsuitable.
The other solution set is given by
b = bSPO(r) ≡ −
r3 − 3r2 + a2r + a2
a(r − 1) , (21)
q = qSPO(r) ≡ −
r3
(
r3 − 6r2 + 9r − 4a2
)
a2 (r − 1)2
. (22)
Outside the horizon, qSPO has a unique local maximum
with the value 27 at r = 3. These parameters lead to
a2 − b2 − q = −2r
(
r3 − 3r + 2a2
)
(r − 1)2 < 0 (23)
for r > rH, and hence, the condition (17) can never hold.
2
This means that, for the spherical photon orbit to exist,
q must satisfy the inequality 0 ≤ q ≤ 27.
First, we focus on the case of the subextremal Kerr
black hole spacetime (i.e., a < 1). Figure 1(i) shows a
typical shape of qSPO(r). Solving Eq. (22) for r, we ob-
tain two roots r = r1(q) and r = r2(q) outside the hori-
zon, which are the radii of spherical photon orbits. Note




1 ≤ r1(q) ≤ 3 ≤ r2(q) ≤ rc2, (25)
where















are the radii of circular photon orbits solving qSPO(r) =
0, i.e., q = 0. We obtain a direct relation between b and
q for the spherical photon orbits by eliminating r from
Eqs. (21) and (22). Substituting r = ri(q) into bSPO(r),
we have b for the spherical photon orbits as a function of
q,
bsi(q) ≡ bSPO(ri) (i = 1, 2), (28)
which also correspond to the extremum values of bi(r; q).
In the case q = 27, ri coincide with r = 3, so that b
s
i
coincide with b = −2a. We also define the specific values
2 Here we prove the inequality (23), i.e., we show r3−3r+2a2 ≥ 0





H − 2rH + a
2 = 0, and 1 ≤ rH < r, we have
r3 − 3r + 2a2
= r3H − 3rH + 2a
2 + (r − rH)
[
(r − rH)2 + 3(rrH − 1)
]





rH ≥ 0. (24)
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(i) a = 0.999
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FIG. 1: Relation between q and the radii ri (i = 1, 2) of extremum points of bi. The function qSPO(r) is shown by black
curves, which are solid outside the horizon and dashed inside it. The intersections of the blue solid lines q and the black solid
curves qSPO(r) give the radii of spherical photon orbits r1 and r2. The left panel (i) is the subextremal case (a = 0.999), and
the right panel (ii) is the extremal case (a = 1).
bci as b
s
i(0), or, equivalently, as the value of b for a photon
in circular orbits,
bci ≡ bSPO(rci ) (i = 1, 2). (29)
Next, we focus on the extremal Kerr black hole space-
time (i.e., a = 1). In this case, Eqs. (21) and (22) become
b = bSPO(r) = −r2 + 2r + 1, (30)
q = qSPO(r) = r
3(4− r). (31)
Figure 1(ii) shows the shape of qSPO(r) for a = 1. Unlike
the subextremal case, the number of roots of Eq. (31)
depends on q outside the horizon. There exists a single
root r2 for 0 ≤ q ≤ 3, while there exist two roots r1 and
r2 for 3 < q ≤ 27. In the case q = 27, ri coincide with
r = 3, so that bsi coincide with b = −2.
IV. ESCAPE CONDITIONS
We consider the conditions for photons escaping from
the vicinity of the horizon to infinity, i.e., the escape con-
ditions. Let (r∗, θ∗) be the radial and polar angle coor-
dinates of the emission point, respectively. From the re-
flection symmetry of the background, we only consider
0 ≤ θ∗ ≤ π/2, in which θ∗ = 0, π/2 will be considered
separately in Appendix A. The necessary and sufficient
conditions for photons to escape are that they have ap-
propriate parameters to reach infinity from r = r∗ and
are in the allowed region determined by the variable θ∗.
In the following subsections, we consider the escape con-
ditions for q ≥ 0 and q < 0 separately.
A. q ≥ 0
Let us consider the behavior of bi(r; q) to determine
the range of b in which a photon with q ≥ 0 satisfies the
necessary conditions to escape from r = r∗ to infinity [7].
From now on, we consider the case where r∗ is in the
range rH < r∗ < 3. There are three cases according to r∗
and the shape of b1(r; q), i.e., according to the relative
position of r1 to rH and r∗.
Case (a)—r1 < rH < r∗: The first inequality r1 < rH
leads to 0 ≤ q < 3. Note that the inequality r1 < rH
appears only for a = 1 [see Fig. 1(ii)].
Case (b)—rH ≤ r1 < r∗: The corresponding range of
q is given by 3 ≤ q < q∗ for a = 1 and 0 ≤ q < q∗ for
a < 1, where
q∗ ≡ qSPO(r∗). (32)
Case (c)—rH < r∗ ≤ r1: For a = 1, the corresponding
range of q is given by q∗ ≤ q ≤ 27. For a < 1, when
r∗ ≥ rc1, the corresponding range of q is given by q∗ ≤
q ≤ 27. On the other hand, when r∗ < rc1, since q∗ < 0,
the corresponding range of q is given by 0 ≤ q ≤ 27.
We can summarize all of the cases as follows:
Case (a): r1 < rH < r∗ ⇔ 0 ≤ q < 3 (for a = 1), (33)
Case (b): rH ≤ r1 < r∗ ⇔
{
3 ≤ q < q∗ (for a = 1),
0 ≤ q < q∗ (for a < 1), (34)
Case (c): rH < r∗ ≤ r1 ⇔
{
q∗ ≤ q ≤ 27 (for a = 1 and for a < 1 with r∗ ≥ rc1),
0 ≤ q ≤ 27 (for a < 1 with r∗ < rc1).
(35)
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(a) r1 < rH < r⇤
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FIG. 2: Typical shape of bi(r; q) in Cases (a)–(c). The purple and brown solid curves denote b1(r; q) and b2(r; q), respectively.
Note that b2(r; q) in the range rH ≤ r < 2 is not plotted. The range of b in which a photon satisfies a necessary condition for
escape from r = r∗ to infinity depends on two conditions. One is the relative position of r1 to rH and r∗, and the other is
whether a photon is emitted radially outward (σr = +) or inward (σr = −). If a photon is emitted radially outward (inward),
the maximum and minimum values of b with which a photon satisfies the necessary condition for escape are given by the red
(blue) dashed lines.
In other words, in the range 0 ≤ q ≤ 27, only Case (c)
appears for a < 1 and r∗ < rc1, and Cases (b) and (c)
appear for a < 1 and r∗ ≥ rc1, and all of the cases appear
for a = 1.
For Case (a), as r increases from rH to ∞, b1 begins
at b1(rH; q) = 2 and monotonically increases to ∞. For
Cases (b) and (c), as r increases from rH to∞, b1 mono-
tonically decreases from b1(rH; q) = 2rH/a to a local min-
imum bs1 at r = r1 and monotonically increases from
there to ∞. For all of the cases, as r increases from rH
to 2, b2 begins at b2(rH; q) = b1(rH; q) and monotonically
increases to ∞. As r increases from 2 to ∞, b2 mono-
tonically increases from −∞ to a local maximum bs2 at
r = r2 and monotonically decreases from there to −∞.
In the end, the necessary conditions for a photon to
escape to infinity are given as follows. In Case (a), if
emitted radially outward (i.e., σr = +), a photon with
bs2 < b ≤ b1(r∗; q) satisfies the necessary condition for
escape to infinity [see the band between the red dashed
lines in Fig. 2(a)]. Even if emitted radially inward (i.e.,
σr = −), a photon with 2 < b < b1(r∗; q) satisfies
this condition [see the band between the blue dashed
lines in Fig. 2(a)]. In Case (b), if σr = +, a photon
with bs2 < b ≤ b1(r∗; q) satisfies the necessary condi-
tion for escape to infinity [see the band between the red
dashed lines in Fig. 2(b)], while if σr = −, a photon
with bs1 < b < b1(r∗; q) satisfies this condition [see the
band between the blue dashed lines in Fig. 2(b)]. In
Case (c), a photon with bs2 < b < b
s
1 satisfies the nec-
essary condition for escape to infinity only if σr = +
[see the band between the red dashed lines in Fig. 2(c)].
These are summarized in Table I. It is useful to visual-
ize the necessary conditions for photon escape in the b-q
plane. Figure 3 shows the parameter regions necessary
for photon escape. The purple and brown curves denote
b = bs1(q) and b = b
s
2(q), respectively. The black solid
curve denotes b = b1(r∗; q). The gray segment with b = 2
and q ∈ [0, 3] denotes b = b1(rH; q), which appears only
for a = 1. The red region shows the parameter region
where photons emitted radially outward satisfy the nec-
essary conditions for escape. The blue region shows the
parameter region where photons emitted both radially
outward and inward satisfy the necessary conditions for
escape. Figures 3(i)–3(iii) correspond to Tables I(i)–I(iii),
respectively.
Now, let us further restrict the above necessary con-
ditions for photon escape by the condition of an allowed
parameter range,
Θ(θ∗) ≥ 0. (36)
The common region of these conditions provides the nec-
essary and sufficient parameter region in which a photon
can escape to infinity. We call it the escapable region.
It can be visualized in the b-q plane, which will be a
main tool to identify the escapable regions in the follow-
ing sections. An example of the escapable region is seen
in Fig. 4. The green curve denotes Θ(θ∗) = 0, and the
other curves and colored regions are defined in the same
way as in Fig. 3. We can find the escapable region (i.e.,
the common regions colored by red and blue with q ≥ 0),
which correspond to the regions in Fig. 3 restricted fur-
ther by the condition (36).
B. q < 0
We identify the escapable region for q < 0. The nega-








≤ q < 0. (37)
This implies that |b| ≤ a for q < 0. The minimum value
of q is given at b = 0 as
qmin ≡ −a2 cos2 θ∗. (38)
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TABLE I: Necessary conditions for a photon to escape to infinity. (i) a < 1 and r∗ < r
c
1. (ii) a < 1 and r∗ ≥ rc1. (iii) a = 1.
(i)
Case q b (σr = +) b (σr = −)
(c): rH < r∗ ≤ r1 0 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(ii)
Case q b (σr = +) b (σr = −)
(b): rH ≤ r1 < r∗ 0 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
(c): rH < r∗ ≤ r1 q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable
(iii)
Case q b (σr = +) b (σr = −)
(a): r1 < rH < r∗ 0 ≤ q < 3 bs2 < b ≤ b1(r∗; q) 2 < b < b1(r∗; q)
(b): rH ≤ r1 < r∗ 3 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
(c): rH < r∗ ≤ r1 q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable

























(ii) a < 1, r⇤   rc1
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FIG. 3: Typical parameter region in the b-q plane satisfying the necessary conditions for photon escape from r = r∗ to infinity.
The purple, brown, and black solid curves denote b = bs1(q), b = b
s
2(q), and b = b1(r∗; q), respectively. The gray solid segment
denotes b = b1(rH; q) and appears only for a = 1. The blue region represents the parameter region where photons emitted both
radially inward and outward satisfy the necessary conditions for escape. The red region represents the parameter region where
photons emitted only radially outward satisfy the necessary conditions for escape. The red and blue arrows are the same as
those in Fig. 2. (i) a = 0.9 and r∗ = rH + 10
−2. (ii) a = 0.9 and r∗ = 2.5. (iii) a = 1 and r∗ = 2.5.
Unlike q ≥ 0, the spherical photon orbits are not relevant
to photon escape because they do not exist for q < 0.




r3 + (a2 − b2)r + 2(a− b)2
]
. (39)
The right-hand side is positive for all |b| ≤ a and r > rH.
Hence, the allowed region (39) contains the entire pa-
rameter region (37). This implies that any radial turning
point no longer appears for q < 0. Finally, we conclude
that photons with negative q can escape to infinity if they
are emitted outwardly (i.e., σr = +) and take the range
(37). Figure 4 shows an example of the escapable region
(see the red region of q < 0).
V. CRITICAL VALUES IN THE
CLASSIFICATION OF PHOTON ESCAPE
In the previous section we defined the escapable region
and developed a procedure to visualize it in the b-q plane.
Our goal is to identify the escapable regions by indicating




















FIG. 4: Typical shape of the escapable region. The purple,
brown, and black solid curves denote b = bs1(q), b = b
s
2(q),
and b = b1(r∗; q), respectively. The green solid curve denotes
Θ(θ∗) = 0, or equivalently, b = ±B(θ∗; q). The blue region
represents the parameter region where photons emitted both
radially inward and outward can escape to infinity. The red
region represents the parameter region where photons emitted
only radially outward can escape to infinity.
in Sec. V A we introduce three critical polar angles, at
which the aspect of photon escape qualitatively changes.
Furthermore, we need to obtain the parameter values of
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FIG. 5: Escapable regions for θ∗ being the critical angles (i) θ∗ = θ1, (ii) θ∗ = θ2, and (iii) θ∗ = θ3. The three black dots
denote (b, q) = (−2a, 27), (2, 3), and (bs2(3), 3). The meanings of the red and blue regions are the same as in Fig. 4.
the escapable region. In Sec. V B we specify and name
these critical parameter values.
A. Critical angles
We introduce critical polar angles θ1, θ2, and θ3 from
three special intersections of b = bsi(q) and b = ±B(θ∗; q),
around which the classification of the parameter values of
escapable photons varies qualitatively. The first special
point is (b, q) = (−2a, 27), where bs1 and bs2 coincide with
each other at r1 = r2 = 3. We define θ1 by θ∗ at the
intersection of b = bsi and b = −B, i.e., −B(θ1; 27) = −2a










Note that θ1 depends only on a and monotonically in-
creases with a in the range









7−15) ' 20.7◦. When θ∗ < θ1, bs2 < −B
holds in the range 0 ≤ q ≤ 27. This implies that the
minimum value of b in the escapable region is always −B
[see Fig. 5(i)].
The second special point is (b, q) = (2, 3) for a = 1,
where r1 = rH and b
s
1 = b1(rH; q) = 2. Note that q = 3
is a special value because Cases (a) and (b) are switched
there. We define θ2 by θ∗ at the intersection of b = bs1 and
b = B, i.e., B(θ2; 3) = 2 [see the black dot in Fig. 5(ii)].








When θ∗ < θ2, B < b1(rH; q) = 2 holds in the range 0 ≤
q ≤ 3. This implies that for q ≤ 3, the maximum value
of b in the escapable region is always B [see Fig. 5(ii)].
The third special point is (b, q) = (bs2(3), 3) for a = 1.
We define θ3 by θ∗ at the intersection of b = −B and
b = bs2, i.e., −B(θ3; 3) = bs2(3) [see the black dot in














where bs2(3) ' −6.71 and r2(3) ' 3.95. When θ∗ < θ3,
bs2 < −B holds in the range 0 ≤ q ≤ 3. This implies that
for q ≤ 3, the minimum value of b in the escapable region
is always −B [see Fig. 5(iii)].
B. Critical values of q
We introduce six critical values of q from the special
intersections of b = b1(rH; q), b = b1(r∗; q), b = bsi(q), and
b = ±B(θ∗; q), at which the classification of the parame-
ter ranges for photon escape varies qualitatively.
We define q1 as the value of q at the intersection of
b = b1(rH; q) and b = B(θ∗; q) for a = 1 [see the red dot
in Fig. 6],
q1(θ∗) =
3 + cos2 θ∗
tan2 θ∗
, (44)
which only appears for θ∗ ∈ [θ2, π/2) and monotonically
decreases with θ∗ in the range q1(π/2) = 0 < q1(θ∗) ≤
3 = q1(θ2). When q < q1, then B < b1(rH; q) holds. This
implies that for q < q1, the maximum value of b in the
escapable region is always B.
We define q2 as the value of q at the intersection of
b = b1(r∗; q) and b = B(θ∗; q) [see the blue dot in Fig. 6],





∆∗ − 2ar∗ sin θ∗






where Σ∗ ≡ r2∗+ a2 cos2 θ∗ and ∆∗ ≡ r2∗− 2r∗+ a2. Note
that q2 depends on both r∗ and θ∗, and if r∗ is fixed it
monotonically decreases with θ∗, but if θ∗ is fixed it is
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TABLE II: Definitions of the critical values of q and conditions that appear.
Critical value q Definition Necessary conditions to appear
q1(θ∗) b1(rH; q) = B(θ∗; q) only for a = 1 and θ∗ ≥ θ2
q2(r∗, θ∗) b1(r∗; q) = B(θ∗; q) always
q3(θ∗) b
s
1(q) = B(θ∗; q) other than a = 1 and θ∗ ≥ θ2
q4(θ∗) b
s
2(q) = −B(θ∗; q) only for θ∗ ≥ θ1
q5(θ∗) b
s
1(q) = −B(θ∗; q) only for θ∗ < θ1
















2(q) =  B(✓⇤; q)
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q6(r⇤, ✓⇤): b1(r⇤; q) =  B(✓⇤; q)
FIG. 6: Six critical values of q.
not always monotonic with r∗. Figure 7 shows the value
of q2 in the r∗-θ∗ parameter space. When q2 exists in
the range q2 ≤ 27 and q is in the range q < q2, then
B < b1(r∗; q) holds. This implies that for q < q2, the
maximum value of b in the escapable region is always B.
We define q3 as the value of q at the intersection of
b = bs1(q) and b = B(θ∗; q) [see the purple dot in Fig. 6].
When a < 1, q3 always appears, while when a = 1 it only
appears for θ∗ ∈ (0, θ2). Note that q3(θ∗) monotonically
decreases with θ∗ in the range q3(π/2) = 0 < q3(θ∗) <
q3(0) for a < 1, while q3(θ2) = 3 < q3(θ∗) < 11 + 8
√
2 =
q3(0) for a = 1. When q < q3, then B < b
s
1 holds. This
implies that for q < q3, the maximum value of b in the
escapable region is always B.
We define q4 as the value of q at the intersection of
b = bs2(q) and b = −B(θ∗; q) [see the brown dot in Fig. 6],
which only appears for θ∗ ∈ [θ1, π/2). Note that q4(θ∗)
monotonically decreases with θ∗ in the range q4(π/2) =
0 < q4(θ∗) ≤ 27 = q4(θ1). When q < q4, then bs2 < −B
holds. This implies that for q < q4, the minimum value
of b in the escapable region is always −B.
We define q5 as the value of q at the intersection
of b = bs1(q) and b = −B(θ∗; q) [see the brown dot
in Fig. 6], which only appears for θ∗ ∈ (0, θ1). Note
that q5(θ∗) monotonically increases with θ∗ in the range
q5(0) < q5(θ∗) < 27 = q5(θ1). When q∗ < q5 or r∗ < rc1,
the maximum value of q in the escapable region is q5, i.e.,
there is no escapable region for q ≥ q5.
We define q6 as the value of q at the intersection of
b = b1(r∗; q) and b = −B(θ∗; q) [see the pink dot in
Fig. 6],





∆∗ + 2ar∗ sin θ∗






Note that q6 depends on both r∗ and θ∗, and if r∗ is fixed
it monotonically increases with θ∗, but if θ∗ is fixed it is
not monotonic with r∗. Figure 8 shows the value of q6 in
the r∗-θ∗ parameter space. When q6 ≤ q∗, the maximum
value of q in the escapable region is q6, i.e., there is no
escapable region for q ≥ q6.
These six critical q values are summarized in Table II.
It is worth noting that the critical values always satisfy
the following inequalities:
q3 < q5 ≤ q6, (47)
q3 ≤ q2 < q6, (48)
q3 ≤ q2 < q4, (49)
q1 < q2 < q4. (50)
In the following sections, we will perform a complete clas-
sification of photon escape.
VI. ESCAPABLE REGION IN AN EXTREMAL
KERR BLACK HOLE
In this section we make a complete classification of
photon escape in an extremal Kerr black hole. In this
case, we define four classes according to θ∗: Class I, 0 <
θ∗ < θ1; Class II, θ1 ≤ θ∗ < θ2; Class III, θ2 ≤ θ∗ < θ3;
Class IV, θ3 ≤ θ∗ < π/2 (see Table III).
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(i) a = 0.9
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FIG. 7: Value of q2(r∗, θ∗) in the r∗-θ∗ parameter space. The black and yellow solid curves denote q2 = 27 and q2 = 3,
respectively. The blue dashed curve gives the minimum value of q2 for fixed θ∗ and satisfies q∗ = q2(r∗, θ∗) = q3(θ∗). The
brown and pink dashed curves satisfy q∗ = q4(θ∗) and q∗ = q5(θ∗) = q6(r∗, θ∗), respectively. (i) a = 0.9. (ii) a = 1.
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FIG. 8: Value of q6(r∗, θ∗) in the r∗-θ∗ parameter space. The black solid curve denotes q2 = 27. The pink dashed curve gives
the minimum value of q6 for fixed θ∗ and satisfies q∗ = q6(r∗, θ∗) = q5(θ∗). (i) a = 0.9. (ii) a = 1.
TABLE III: (a = 1) Definition of each Class and the critical
values of q in an extremal Kerr black hole.
Class Range of θ∗ Critical values of q
Class I 0 < θ∗ < θ1 q2, q3, q5, and q6
Class II θ1 ≤ θ∗ < θ2 q2, q3, and q4
Class III θ2 ≤ θ∗ < θ3 q1, q2, and q4
Class IV θ3 ≤ θ∗ < π/2 q1, q2, and q4
A. Class I: 0 < θ∗ < θ1 and a = 1
In Class I, there are five characteristic q’s: q∗ =
qSPO(r∗), q2, q3, q5, and q6. Here q3 monotonically de-
creases with θ∗, and q5 monotonically increases with θ∗
in the ranges
q3(θ1) < q3(θ∗) < q3(0) and q5(0) < q5(θ∗) < q5(θ1),
(51)
respectively, where q3(θ1) ' 12.6, q3(0) = q5(0) = 11 +
8
√
2, and q5(θ1) = 27. If r∗ is fixed, q2 monotonically
decreases with θ∗. If θ∗ is fixed, as r∗ increases from 1
to 3, q2 monotonically decreases from q2(1, θ∗) to a local
minimum q2 = q∗ = q3 at r∗ = r1(q3) and monotonically
increases from there to q2(3, θ∗) [see the regions 1 < r∗ <
3 and 0 < θ∗ < θ1 in Fig. 7(ii)].
These critical values satisfy the inequalities (47) and
(48). Therefore, there exist seven cases according to the
relative values of q∗ to q2, q3, q5, and q6:
(i) q∗ < q3 < q5 < q6 and q2 > q∗,
(ii) q∗ = q3 = q2 < q5 < q6,
(iii) q3 < q2 < q∗ < q5 < q6,
(iv) q3 < q2 < q∗ = q5 = q6,
(v) q3 < q2 < q5 < q6 < q∗,
(vi) q3 < q2 = q5 < q6 < q∗,
(vii) q3 < q5 < q2 < q6 < q∗.
(52)
Note that Cases (vi) and (vii) appear only when
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TABLE IV: (Class I, a = 1) Escapable region (b, q) for an
extremal Kerr black hole with 0 < θ∗ < θ1. (Class I-2, a < 1)
Escapable region (b, q) for a subextremal Kerr black hole with
r∗ ≥ rc1 and 0 < θ∗ < θ1.
Case q b (σr = +) b (σr = −)
(i), (ii) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q5 −B ≤ b < bs1 not applicable
q5 ≤ q ≤ 27 not applicable not applicable
(iii) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q∗ −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q < q5 −B ≤ b < bs1 not applicable
q5 ≤ q ≤ 27 not applicable not applicable
(iv) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q6 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q6 ≤ q ≤ 27 not applicable not applicable
(v) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q5 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q5 ≤ q < q6 −B ≤ b ≤ b1(r∗; q) −B ≤ b < b1(r∗; q)
q6 ≤ q ≤ 27 not applicable not applicable
(vi) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q5 −B ≤ b ≤ B bs1 < b ≤ B
q5 ≤ q < q6 −B ≤ b ≤ b1(r∗; q) −B ≤ b < b1(r∗; q)
q6 ≤ q ≤ 27 not applicable not applicable
(vii) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q5 −B ≤ b ≤ B bs1 < b ≤ B
q5 ≤ q < q2 −B ≤ b ≤ B −B ≤ b ≤ B
q2 ≤ q < q6 −B ≤ b ≤ b1(r∗; q) −B ≤ b < b1(r∗; q)
q6 ≤ q ≤ 27 not applicable not applicable
θ∗ < 2.54◦.
It is worth noting that when q2 > q∗, the intersection
of b = b1(r∗; q) and b = B(θ∗; q) does not contribute
to specifying the escapable region [see Fig. 9(i)]. On the
other hand, when q2 ≤ q∗, the intersection of b = b1(r∗; q)
and b = B(θ∗; q) is a special point, where the shape of the
escapable region changes [see, e.g., Fig. 9(iii)]. Therefore,
we need to consider q2 for specifying the escapable region
only when q2 ≤ q∗. In particular, in Case (i) q2 can take
three ranges: q2 < q5, q2 = q5, and q2 > q5. However,
since q2 > q∗ in all three ranges, we do not distinguish
them.
For the same reason as for q2, the relative values of
q∗ and q6 determine whether q6 contributes to specify-
ing the escapable region. When q6 > q∗, the intersec-
tion of b = b1(r∗; q) and b = −B(θ∗; q) is not included
in the escapable region [see Fig. 9(iii)]. On the other
hand, when q6 ≤ q∗, the intersection of b = b1(r∗; q) and
b = −B(θ∗; q) is a special point, where the shape of the
escapable region changes [see, e.g., Fig. 9(v)]. Therefore,
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(vii) q3 < q5 < q2 < q6 < q⇤
FIG. 9: (Class I, a = 1) Typical shape of the escapable region
for an extremal Kerr black hole with 0 < θ∗ < θ1. The pur-
ple, black, and green curves denote b = bs1(q), b1(r∗; q), and
±B(θ∗; q), respectively. The gray, blue, purple, brown, and
pink dashed lines denote q = q∗, q2, q3, q5, and q6, respec-
tively.
The escapable regions in the above cases are summa-
rized in Table IV and Fig. 9.
B. Class II: θ1 ≤ θ∗ < θ2 and a = 1
In Class II, there are four characteristic q’s: q∗, q2, q3,
and q4. Here q3 and q4 monotonically decrease with θ∗
in the ranges
q3(θ2) < q3(θ∗) ≤ q3(θ1) and q4(θ2) < q3(θ∗) ≤ q4(θ1),
(53)
respectively, where q3(θ2) = 3, q3(θ1) ' 12.6, q4(θ2) '
18.9, and q4(θ1) = 27. The behavior of q2 is the same as
in Class I, and the value of q2 is in the range 3 < q2 < 27
[see the regions of 1 < r∗ < 3 and θ1 ≤ θ∗ < θ2 in
Fig. 7(ii)].
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TABLE V: (Class II, a = 1) Escapable region (b, q) for an
extremal Kerr black hole with θ1 ≤ θ∗ < θ2. (Class II-2,
a < 1) Escapable region (b, q) for a subextremal Kerr black
hole with r∗ ≥ rc1 and θ1 ≤ θ∗ < π/2.
Case q b (σr = +) b (σr = −)
(i), (ii) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q4 −B ≤ b < bs1 not applicable
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(iii) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q∗ −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q < q4 −B ≤ b < bs1 not applicable
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(iv) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(v) qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable
These critical values satisfy the inequalities (49).
Therefore, there exist five cases according to the relative
values of q∗ to q2, q3, and q4:
(i) q∗ < q3 < q2 < q4,
(ii) q∗ = q3 = q2 < q4,
(iii) q3 < q2 < q∗ < q4,
(iv) q3 < q2 < q∗ = q4,
(v) q3 < q2 < q4 < q∗.
(54)
The escapable regions in the above cases are summarized
in Table V and Fig. 10.
C. Class III: θ2 ≤ θ∗ < θ3 and a = 1
In Class III, there are four characteristic q’s: q∗, q1, q2,
and q4. Here q1 and q4 monotonically decrease with θ∗
in the ranges
q1(θ3) < q1(θ∗) ≤ q1(θ2) and q4(θ3) < q4(θ∗) ≤ q4(θ2),
(55)
respectively, where q1(θ3) ' 0.208, q1(θ2) = 3, q4(θ3) =
3, and q4(θ2) ' 18.9. The critical value q2 monotonically
decreases with θ∗ for fixed r∗ and monotonically increases
with r∗ for fixed θ∗, and hence we have
q2(1, θ∗) < q2 < q2(3, θ∗), (56)
q2(r∗, θ3) < q2 < q2(r∗, θ2), (57)
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(ii) q⇤ = q3 = q2 < q4
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Class II, a=1
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(v) q3 < q2 < q4 < q⇤
FIG. 10: (Class II, a = 1) Typical shape of the escapable
region for an extremal Kerr black hole with θ1 ≤ θ∗ < θ2.
The purple, brown, black, gray, and green curves denote b =
bs1(q), b
s
2(q), b1(r∗; q), b1(rH; q) and ±B(θ∗; q), respectively.
The gray, blue, purple, and brown dashed lines denote q = q∗,
q2, q3, and q4, respectively.
where the minimum value is q2(1, θ3) ' 0.208 and the
maximum value is q2(3, θ2) ' 7.71 [see the regions of
1 < r∗ < 3 and θ2 ≤ θ∗ < θ3 in Fig. 7(ii)].
These critical values satisfy
q1 ≤ 3 < q4, (58)
q1 < q2 < q4, (59)
q2 < q∗, (60)
where the second inequalities correspond to Eq. (50).
Therefore, there exist nine cases according to the rela-
tive values of q∗ to q1, q2, q4, and qSPO(rH) = 3:
(i) q1 ≤ 3 < q2 < q∗ < q4,
(ii) q1 ≤ 3 < q2 < q∗ = q4,
(iii) q1 ≤ 3 < q2 < q4 < q∗,
(iv) q1 < q2 = 3 < q∗ < q4,
(v) q1 < q2 = 3 < q∗ = q4,
(vi) q1 < q2 = 3 < q4 < q∗,
(vii) q1 < q2 < 3 < q∗ < q4,
(viii) q1 < q2 < 3 < q∗ = q4,
(ix) q1 < q2 < 3 < q4 < q∗.
(61)
The escapable regions in the above cases are summarized
in Table VI and Fig. 11.
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TABLE VI: (Class III, a = 1) Escapable region (b, q) for an
extremal Kerr black hole with θ2 ≤ θ∗ < θ3.
Case q b (σr = +) b (σr = −)
(i) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q ≤ 3 −B ≤ b ≤ B 2 < b ≤ B
3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q∗ −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q < q4 −B ≤ b < bs1 not applicable
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(ii) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q ≤ 3 −B ≤ b ≤ B 2 < b ≤ B
3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(iii) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q ≤ 3 −B ≤ b ≤ B 2 < b ≤ B
3 ≤ q < q2 −B ≤ b ≤ B bs1 < b ≤ B
q2 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable
(iv) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < 3 −B ≤ b ≤ B 2 < b ≤ B
3 ≤ q < q∗ −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q < q4 −B ≤ b < bs1 not applicable
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(v) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < 3 −B ≤ b ≤ B 2 < b ≤ B
3 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(vi) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < 3 −B ≤ b ≤ B 2 < b ≤ B
3 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable
(vii) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < q2 −B ≤ b ≤ B 2 < b ≤ B
q2 ≤ q < 3 −B ≤ b ≤ b1(r∗; q) 2 < b < b1(r∗; q)
3 ≤ q < q∗ −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q < q4 −B ≤ b < bs1 not applicable
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(viii) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < q2 −B ≤ b ≤ B 2 < b ≤ B
q2 ≤ q < 3 −B ≤ b ≤ b1(r∗; q) 2 < b < b1(r∗; q)
3 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable
(ix) qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < q2 −B ≤ b ≤ B 2 < b ≤ B
q2 ≤ q < 3 −B ≤ b ≤ b1(r∗; q) 2 < b < b1(r∗; q)
3 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q4 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable
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(r⇤, ✓⇤) = (2.49, 60
 )
<latexit sha1_base64="Td5yBrjwlGgXNsAk1wjHUIJm0vM="></latexit>
(vi) q1 < q2 = 3 < q4 < q⇤
<latexit sha1_base64="4xKQG4IHqiw7EkaGUjUTYJuEIRg="></latexit>
(r⇤, ✓⇤) = (1.91, 54.3
 )
<latexit sha1_base64="SJn3B+xjEPU70BkoyfhnSu+Mnf4="></latexit>
(v) q1 < q2 = 3 < q⇤ = q4











(r⇤, ✓⇤) = (1.4, 65
 )
<latexit sha1_base64="nzeJKVnEfYIX88XADBLiKQDoz7c="></latexit>
(vii) q1 < q2 < 3 < q⇤ < q4
<latexit sha1_base64="JhxlHPTK3hdntFgNJJABjOQ5aoI="></latexit>
(r⇤, ✓⇤) = (1.48, 65
 )
<latexit sha1_base64="v+9qQmV0fZq992YLQ72A8LN/M3o="></latexit>
(viii) q1 < q2 < 3 < q⇤ = q4






(r⇤, ✓⇤) = (2.2, 65
 )
<latexit sha1_base64="F1ai5SnL3aSSZaI54Ttvze9/jVw="></latexit>
(ix) q1 < q2 < 3 < q4 < q⇤
Class III, a=1
FIG. 11: (Class III, a = 1) Typical shape of the escapable
region for an extremal Kerr black hole with θ2 ≤ θ∗ < θ3. The
purple, brown, black, gray, and green curves denote b = bs1(q),
bs2(q), b1(r∗; q), b1(rH; q), and ±B(θ∗; q), respectively. The
gray, red, blue, and brown dashed lines denote q = q∗, q1, q2,
and q4, respectively.
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TABLE VII: (Class IV, a = 1) Escapable region (b, q) for an
extremal Kerr black hole with θ3 ≤ θ∗ < π/2.
q b (σr = +) b (σr = −)
qmin ≤ q < q1 −B ≤ b ≤ B not applicable
q1 ≤ q < q2 −B ≤ b ≤ B 2 < b ≤ B
q2 ≤ q < q4 −B ≤ b ≤ b1(r∗; q) 2 < b < b1(r∗; q)
q4 ≤ q ≤ 3 bs2 < b ≤ b1(r∗; q) 2 < b < b1(r∗; q)
3 ≤ q < q∗ bs2 < b ≤ b1(r∗; q) bs1 < b < b1(r∗; q)
q∗ ≤ q ≤ 27 bs2 < b < bs1 not applicable












(ii) q1 < q2 < q4 < 3 < q⇤
<latexit sha1_base64="8k+Ov/R/yApmg5K3+c1dZFNzq2E="></latexit>
(i) q1 < q2 < q4 = 3 < q⇤






(r⇤, ✓⇤) = (2.5, ✓3 ' 75.4 )
<latexit sha1_base64="oOP7zcsNzsJyklgPH3Gj4FdObxc="></latexit>
(r⇤, ✓⇤) = (2.5, 80
 )






(r⇤, ✓⇤) = (2.5, 80
 )
<latexit sha1_base64="tdQl+aedGF8e8zJRKmnouPZXlik="></latexit>
q1 < q2 < q4  3 < q⇤






FIG. 12: (Class IV, a = 1) Typical shape of the escapable
region for an extremal Kerr black hole with θ3 ≤ θ∗ < π/2.
The purple, brown, black, gray, and green curves denote b =
bs1(q), b
s
2(q), b1(r∗; q), b1(rH; q), and ±B(θ∗; q), respectively.
The gray, red, blue, and brown dashed lines denote q = q∗,
q1, q2, and q4, respectively.
D. Class IV: θ3 ≤ θ∗ < π/2 and a = 1
In Class IV, there are four characteristic q’s: q∗, q1, q2,
and q4. Since these q’s satisfy the inequality
q1 < q2 < q4 ≤ 3 < q∗, (62)
there is no case classification according to the relative
values of q. The escapable regions are summarized in
Table VII and Fig. 12.
VII. ESCAPABLE REGION IN A
SUBEXTREMAL KERR BLACK HOLE
In this section we make a complete classification of
photon escape in a subextremal Kerr black hole. We
again note that when a < 1 and r∗ < rc1, b = b1(r∗; q)
TABLE VIII: (a < 1) Definition of each Class and the critical
values of q in a subextremal Kerr black hole.
Class Range of r∗ Range of θ∗ Critical values of q
Class I-1 r∗ < r
c
1 0 < θ∗ < θ1 q3 and q5
Class I-2 r∗ ≥ rc1 0 < θ∗ < θ1 q2, q3, q5, and q6
Class II-1 r∗ < r
c
1 θ1 ≤ θ∗ < π/2 q3 and q4
Class II-2 r∗ ≥ rc1 θ1 ≤ θ∗ < π/2 q2, q3, and q4
TABLE IX: (Class I-1 and Class II-1, a < 1) Escapable region
(b, q) with r∗ < r
c
1 and 0 < θ∗ < θ1 (Class I-1) and r∗ < r
c
1
and θ1 ≤ θ∗ < π/2 (Class II-1) for a subextremal Kerr black
hole.
Class q b (σr = +) b (σr = −)
I-1 qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q5 −B ≤ b < bs1 not applicable
q5 ≤ q ≤ 27 not applicable not applicable
II-1 qmin ≤ q < q3 −B ≤ b ≤ B not applicable
q3 ≤ q < q4 −B ≤ b < bs1 not applicable
q4 ≤ q ≤ 27 bs2 < b < bs1 not applicable





(r⇤, ✓⇤) = (1.45, 10
 )
Class I-a, subextremal





(r⇤, ✓⇤) = (1.45, 60
 )
<latexit sha1_base64="jZGt8UUOov8zFG5sk3Qi6Wg44bI="></latexit>
(i) Class I-a: q3 < q5
<latexit sha1_base64="81Km4cqe9k6+FKextUopaGnNOzM="></latexit>
(ii) Class II-a: q3 < q4
<latexit sha1_base64="LFro6Fpmg+cLOHydRaPxIBNjIEc="></latexit>
(i) Class I-1: q3 < q5
<latexit sha1_base64="NO0qhZH7Vm/8izKM2x2weqpdMEs="></latexit>
(ii) Class II-1: q3 < q4
FIG. 13: (Class I-1 and Class II-1, a < 1) Typical shape of
the escap ble region for a subextremal Kerr black hole with
r∗ < r
c
1. The purple, brown, black, and green curves denote
b = bs1(q), b
s
2(q), b1(r∗; q), and ±B(θ∗; q), respectively. Here
we set a = 0.9, and then rH ' 1.44 and rc1 ' 1.56. (i) θ∗ is
in the range 0 < θ∗ < θ1 (Class I-1). The purple and brown
dashed lines denote q = q3 and q5, respectively. (ii) θ∗ is in
the range θ1 ≤ θ∗ < π/2 (Class II-1). The purple and brown
dashed lines denote q = q3 and q4, respectively.
does not intersect with b = bs1(q) in the b-q plane, and
thus q∗ does not appear [see Fig. 3(i) and Table I(i)].
Therefore, though the class for a = 1 is only defined by
the range of θ∗, the class for a < 1 is defined by the ranges
of r∗ and θ∗ as follows: Class I-1, r∗ < rc1 and 0 < θ∗ < θ1;
Class I-2, r∗ ≥ rc1 and 0 < θ∗ < θ1; Class II-1, r∗ < rc1
and θ1 ≤ θ∗ < π/2; Class II-2, r∗ ≥ rc1 and θ1 ≤ θ∗ < π/2
(see Table VIII).
A. Classes I-1 and II-1: rH < r∗ < r
c
1 and a < 1
In Class I-1, there are only two characteristic q’s: q3
and q5. Since q3 < q5, there is no case classification
according to the relative values of critical q. Similarly, in
Class II-1 there are only two characteristic q, q3 and q4.
Since q3 < q4, there is no case classification according to
the relative values of critical q. The escapable regions are




(ii) q⇤ = q3 = q2 < q5 < q6
<latexit sha1_base64="hDKS2TYopVpfqr5KqigARl1HrMc="></latexit>
(i) q⇤ < q3 < q5 < q6 and q2 > q⇤
<latexit sha1_base64="vgiyQyXEzV48p45Z4sOI8dqZah8="></latexit>
(iii) q3 < q2 < q⇤ < q5 < q6
<latexit sha1_base64="QCGBcJ1509pAuQ06ocoGtqZ6EtI="></latexit>
(iv) q3 < q2 < q⇤ = q5 = q6
<latexit sha1_base64="bTfwvU9n74bOMt9uiKn6daZZXWY="></latexit>
(v) q3 < q2 < q5 < q6 < q⇤
<latexit sha1_base64="vvdU368Ztt5KovY6zOCnKMhh66c="></latexit>
(vi) q3 < q2 = q5 < q6 < q⇤
<latexit sha1_base64="5th1b0be02QCUF5FmAs8FnD7XAo="></latexit>
















































(r⇤, ✓⇤) = (2.99, 1
 )
FIG. 14: (Class I-2, a < 1) Typical shape of the escapable
region for a subextremal Kerr black hole with r∗ ≥ rc1 and
0 < θ∗ < θ1. The purple, black, and green curves denote
b = bs1(q), b1(r∗; q), and ±B(θ∗; q), respectively. The gray,
blue, purple, brown, and pink dashed lines denote q = q∗, q2,
q3, q5, and q6 respectively. Here we set a = 0.9, and then
rc1 ' 1.56.
B. Class I-2: r∗ ≥ rc1, 0 < θ∗ < θ1 and a < 1
In Class I-2, there are five characteristic q’s: q∗, q2,
q3, q5, and q6. They are classified into seven cases ac-
cording to the relative values, which are the same as the
cases (52) of Class I for a = 1. The escapable regions are
summarized in Table IV and Fig. 14.
C. Class II-2: r∗ ≥ rc1, θ1 ≤ θ∗ < π/2, and a < 1
In Class II-2, there are four characteristic q’s: q∗, q2,
q3, and q4. They are classified into five cases according to
the relative values, which are the same as the cases (54) of
Class II for a = 1. The escapable regions are summarized
<latexit sha1_base64="T9m+VqxoS4zB8BtAC18d/HhdkHo="></latexit>
(i) q⇤ < q3 < q2 < q4
<latexit sha1_base64="Hu/CTNMvN5I1EWKgi4agHZQTjQA="></latexit>
(ii) q⇤ = q3 = q2 < q4
<latexit sha1_base64="WwjG+EUvqvLZOAmVhgoC/4xXUEo="></latexit>
(iii) q3 < q2 < q⇤ < q4
Class II-2, a<1
<latexit sha1_base64="7PN6iwrJ4/QQylbtrQ9UIKuVx1Y="></latexit>
(iv) q3 < q2 < q⇤ = q4
<latexit sha1_base64="OgWF603vAHfEnmvv/UE+7WozY8Y="></latexit>
(v) q3 < q2 < q4 < q⇤





(r⇤, ✓⇤) = (1.93, 30
 )





(r⇤, ✓⇤) = (1.6, 30
 )





(r⇤, ✓⇤) = (2.6, 30
 )





(r⇤, ✓⇤) = (2.73, 30
 )





(r⇤, ✓⇤) = (2.9, 30
 )
FIG. 15: (Class II-2, a < 1) Typical shape of the escapable
region for a subextremal Kerr black hole with r∗ ≥ rc1 and
θ1 ≤ θ∗ < π/2. The purple, brown, black, and green curves
denote b = bs1(q), b
s
2(q), b1(r∗; q), and ±B(θ∗; q), respectively.
The gray, blue, purple, and brown dashed lines denote q = q∗,
q2, q3, and q4, respectively. Here we set a = 0.9, and then
rc1 ' 1.56.
in Table V and Fig. 15.
VIII. DISCUSSIONS
We have completely classified the necessary and suffi-
cient range of impact parameters (b, q) for photons emit-
ted from the vicinity of a Kerr black hole horizon to es-
cape to infinity, i.e., the escapable regions. All of the
main results are summarized in the tables of Secs. VI
and VII. In the process of deriving these results, we have
developed a useful method for classification: the visual-
ization of the escapable parameter region in the b-q plane.
Furthermore, we have demonstrated a procedure for the
systematic identification of the regions.
As mentioned in the Introduction, the evaluation of a
photon escape probability is essential to reveal the ob-
servability of phenomena in the vicinity of the horizon.
Our complete set of escapable regions provides a basis for
evaluating the probability. It is worthwhile to comment
on further speculations based on the results of our clas-
sification. Naively, we expect the escape probability to
decrease as the polar angle of an emitter approaches the
poles while the radial coordinate remains fixed because
15
the area of the escapable region simply decreases in this
case. However, if we focus on photons escaping from
the vicinity of the horizon, such naive expectations may
not hold because of the effect of the near-horizon geom-
etry. In fact, the existence of the critical angles suggests
that there is a qualitative difference in the behavior of
the escape cone and the escape probability at the criti-
cal angles. In particular, we have identified the special
range θ2 ≤ θ∗ ≤ π − θ2 for the extremal case in our con-
text, which universally appears as a region in which the
characteristic nature of many phenomena relevant to the
spherical photon orbits is found, e.g., the energy extrac-
tion efficiency of the collisional Penrose process [18, 19]
and high-energy particle collisions near an extremal Kerr
horizon [20, 21]. We can expect that within this range
the escape probability may be nonzero in the horizon
limit because the radial potential barrier exists even in
the vicinity of the horizon. Even for the fast-spinning
(but not extremal) case, since the spherical photon or-
bits of the horizon class still appear in the vicinity of the
horizon [14], the escape probability may not be zero even
if an emitter approaches the horizon. On the basis of
the classification in the present paper, we will report the
escape cone and probability of photons emitted from the
off-equatorial plane in a forthcoming paper [22].3
Since the escape probability depends not only on an
emitter’s position but also its proper motion, we will ob-
tain various nontrivial evaluations by combining our com-
plete set with an emitter’s state of interest. Evaluating
such escape probabilities for various states of an emitter
is also an important issue for the future.
Acknowledgments
The authors are grateful to Takahiro Tanaka and
Kazunori Kohri for useful comments. This work was sup-
ported by JSPS KAKENHI Grants No. JP20J00416 and
JP20K14467 (K.O.) and No. JP19K14715 (T.I.).
Appendix A: Cases θ∗ = 0 and θ∗ = π/2
We consider photon escape in the case θ∗ = 0. At an
emission point on the black hole axis, the regularity of
the equations of motion (8) and (9) requires b = 0. This
means that all photons escaping from the axis must have
zero impact parameter b. Substituting it into Θ(0) ≥ 0,
we have q ≥ −a2.
Let us focus on the negative range −a2 ≤ q < 0. As
shown in Sec. IV B, the condition R(r) ≥ 0 gives the
allowed range of q in Eq. (39). As a result, the following
3 The escape probability was also discussed in Ref. [23]. How-
ever, their classification of photon escape does not seem to be
complete, although it does represent part of our classification.
TABLE X: [(a = 1) or (a < 1 and r∗ ≥ rc1)] Escapable region
(b, q) with θ∗ = 0.
Case q b (σr = +) b (σr = −)
(i), (ii) qmin ≤ q < q3 b = 0 not applicable
q3 ≤ q ≤ 27 not applicable not applicable
(iii) qmin ≤ q < q3 b = 0 not applicable
q3 ≤ q < q2 b = 0 b = 0
q2 ≤ q ≤ 27 not applicable not applicable
TABLE XI: (a < 1 and r∗ < r
c
1) Escapable region (b, q) with
θ∗ = 0.
q b (σr = +) b (σr = −)
qmin ≤ q < q3 b = 0 not applicable
q3 ≤ q ≤ 27 not applicable not applicable
inequality always holds outside the horizon:
−a2 ≤ q < 0 < r
∆
(r3 + a2r + 2a2). (A1)
This implies that all of the photons emitted outwardly
with −a2 ≤ q < 0 can escape to infinity.
Let us focus on the non-negative range of q. Then, two
critical values of q appear,
q3(0) = q5(0), (A2)






For a = 1 or for a < 1 and r∗ ≥ rc1, together with q∗, we
can divide these values into three cases,
(i) q∗ < q3 < q2,
(ii) q∗ = q3 = q2,
(iii) q3 < q2 < q∗.
(A4)
The escapable region is summarized in Table X. On the
other hand, for a < 1 and r∗ < rc1, since q∗ does not
appear, we only have the single case
q3 < q2. (A5)
The escapable region is summarized in Table XI.
We consider photon escape in the case θ∗ = π/2. The
non-negativity of Θ(θ∗) leads to q ≥ 0. Therefore, the
necessary parameter regions for a photon to escape to
infinity in Table I of Sec. IV A are identified with the
escapable regions. The corresponding figures are found
in Fig. 3. The details of the classification of the escapable
region can also be seen in Ref. [7].
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